
 

 

DEFINITE INTEGRALS 

Q.1) (a) 𝐼 =  ∫
1

4+𝑥−𝑥2

2

0
𝑑𝑥        

Sol.1) (a) 𝐼 = ∫
1

4+𝑥−𝑥2

2

0
𝑑𝑥  

    𝑃𝑒𝑟𝑓𝑒𝑐𝑡 𝑠𝑞𝑢𝑎𝑟𝑒 

𝐼 =  − ∫
1

𝑥2−𝑥−4

2

0
  

𝐼 =  − ∫
1

(𝑥−
1

2
)

2
−

1

4
−4

2

0
𝑑𝑥  

𝐼 =  − ∫
1

(𝑥−
1

2
)

2
−(

√17

2
)

2

2

0
𝑑𝑥  

𝐼 =  ∫
1

(
√17

2
)

2

−(𝑥−
1

2
)

2

2

0
𝑑𝑥  

𝐼 =  
1

2×
√17

2

× (log |
√17

2
+𝑥−

1

2

√17

2
−𝑥+

1

2

|)

0

2

   

𝐼 =  
1

√17
(𝑙𝑜𝑔 |

√17+2𝑥−1

√17−2𝑥+1
|)

0

2

  

𝐼 =  
1

√17
[𝑙𝑜𝑔 |

√17+3

√17−3
| − 𝑙𝑜𝑔 |

√17−1

√17+1
|]  

𝐼 =  
1

√17
𝑙𝑜𝑔 |

√17+3

√17−3
×

√17+1

√17−1
|               … … {𝑙𝑜𝑔 𝐴 –  𝑙𝑜𝑔 𝐵 =  𝑙𝑜𝑔 (𝐴/𝐵)}  

𝐼 =  
1

√17
𝑙𝑜𝑔 |

17+√17+3√17+3

17−√17−3√17+3
|  

𝐼 =  
1

√17
𝑙𝑜𝑔 |

4√17+20

20−4√17
|  

𝐼 =  
1

√17
𝑙𝑜𝑔 |

√17+5

5−√17
|  

𝐼 =  
1

√17
𝑙𝑜𝑔 |

(√17+5)(5+√17)

25−17
|                 … … . (𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙𝑖𝑧𝑒 )  

𝐼 =  
1

√17
𝑙𝑜𝑔 (

17+25+2√17

8
)  

𝐼 =  
1

√17
𝑙𝑜𝑔 (

42+2√17

8
)  

∴  𝐼 =  
1

√17
𝑙𝑜𝑔 (

21+√17

4
)       𝐴𝑛𝑠 ….  

Q.2) 𝐼 =  ∫
5(𝑥2−𝑥−1)

𝑥2+3𝑥+2

2

1
𝑑𝑥  

Sol.2) 𝐼 =  5 ∫
(𝑥2−𝑥−1)

𝑥2+3𝑥+2

2

1
𝑑𝑥  

Here , degree of numerator = degree of denominator  

Express 𝑞 =
𝑅

𝐷
 

𝐼 =  5 ∫ (1 −
4𝑥+3

𝑥2+3𝑥+2
)

2

1
𝑑𝑥  



 

 

   =  5 ∫ 1 .
2

1
𝑑𝑥 − 5 ∫

4𝑥+3

𝑥2+3𝑥+3

2

1
𝑑𝑥 

   =  5(𝑥)1
2 − 5 ∫

4𝑥+3

(𝑥+1)(𝑥+2)

2

1
𝑑𝑥                  

𝐼 =  5 − 5 ∫
4𝑥+3

(𝑥+1)(𝑥+2)

2

1
𝑑𝑥  

Let 
4𝑥+3

(𝑥+1)(𝑥+2)
=

A

𝑥+1
+

B

𝑥+2
 

⇒  4𝑥 +  3 =  𝐴(𝑥 +  2)  +  𝐵(𝑥 +  1) 

Comp. the coff. of 𝑥 and constant  

4 =  𝐴 +  𝐵  

3 =  2𝐴 +  𝐵  

Solving then equation, we get 

𝐴 = – 1   &  𝐵 =  5  

∴   𝐼 =  5 − 5 ∫
−1

𝑥+2
+

5

𝑥+2

2

1
𝑑𝑥  

     𝐼 =  5 − 5 [– 𝑙𝑜𝑔|𝑥 + 1| + 5 𝑙𝑜𝑔|𝑥 + 2|]1
2  

       =  5 − 5[(−𝑙𝑜𝑔 3 + 5 𝑙𝑜𝑔 4)— (𝑙𝑜𝑔 2 + 5 𝑙𝑜𝑔 3)]  

       =  5 − 5[−𝑙𝑜𝑔 3 + 10 𝑙𝑜𝑔 2 + 𝑙𝑜𝑔 2 − 5 𝑙𝑜𝑔 3]   

       =  5 − 5[11 𝑙𝑜𝑔 2 − 6 𝑙𝑜𝑔 3]  

    𝐼 =  5 –  55 𝑙𝑜𝑔 2 +  30 𝑙𝑜𝑔 3                      𝐴𝑛𝑠 …  

Q.3)  If ∫ 𝑥3𝑏

𝑎
𝑑𝑥 = 0 and if ∫ 𝑥2𝑏

𝑎
𝑑𝑥 =

2

3
. Find value of 𝑎 & 𝑏. 

Sol.3)  Consider   ∫ 𝑥3𝑏

𝑎
𝑑𝑥 = 0 

   ⇒  (
𝑥4

4
)

𝑎

𝑏

= 0 

   ⇒  
1

4
[𝑏4 − 𝑎4] = 0 

   ⇒  𝑎4 = 𝑏4 

   ⇒  𝑎 = −𝑏 

Consider      ∫ 𝑥2𝑏

𝑎
𝑑𝑥 =

2

3
 

   ⇒  (
𝑥3

3
)

𝑎

𝑏

=
2

3
 

   ⇒  
1

3
(𝑏3 − 𝑎3) =

2

3
 

   ⇒  𝑏3 − 𝑎3 = 2 

   ⇒  (−𝑎)3 − 𝑎3 = 2 

   ⇒  −𝑎3 − 𝑎3 = 2 

   ⇒  −2𝑎3 = 2 

   ⇒  𝑎3 = −1 



 

 

   ⇒  𝑎 = −1 

Since  𝑏 = – 𝑎       ∴  𝑏 =  1 

    ∴  𝑎 = – 1 & 𝑏 =  1                  Ans….  

Q.4) 
 𝐼 = ∫ 𝑐𝑜𝑠(2𝑥). log (𝑠𝑖𝑛 𝑥)

𝜋

2
𝜋

4

𝑑𝑥  

Sol.4) 
𝐼 = [(log(𝑠𝑖𝑛 𝑥).

𝑠𝑖𝑛(2𝑥)

2
)𝜋

4

𝜋

2
− ∫

1

𝑠𝑖𝑛 𝑥
 . 𝑐𝑜𝑠 𝑥 .

𝑠𝑖𝑛(2𝑥)

2

𝜋

2
𝜋

4
 

𝑑𝑥]  

        =  [(log 1 .
𝑠𝑖𝑛 𝜋

2
) − (log (

1

√2
) .

𝑠𝑖𝑛
𝜋

2

2
)] −

1

2
∫

1

𝑠𝑖𝑛 𝑥
 . 𝑐𝑜𝑠 𝑥 . 2𝑠𝑖𝑛 𝑥 𝑐𝑜𝑠 𝑥

𝜋

2
𝜋

4

𝑑𝑥  

        =  [0 + 𝑙𝑜𝑔(√2)
1

2
] − ∫ 𝑐𝑜𝑠2𝑥

𝜋

2
𝜋

4

𝑑𝑥              … … . . {𝑙𝑜𝑔 (𝑎/𝑏)  = – 𝑙𝑜𝑔 (𝑏/𝑎)}  

        =  
1

2
𝑙𝑜𝑔 2

1

2
−

1

2
∫ 1 + 𝑐𝑜𝑠(2𝑥)

𝜋

2
𝜋

4

𝑑𝑥  

        =  
1

2
𝑙𝑜𝑔 2 

1

2
−

1

2
 [𝑥 +

𝑠𝑖𝑛(2𝑥)

2
]𝜋

4

𝜋

2
  

        =  
1

2
𝑙𝑜𝑔 2 

1

2
−

1

2
[(

𝜋

2
+ 0) − (

𝜋

4
+

1

2
)]  

        =  
1

2
𝑙𝑜𝑔 2 

1

2
−

𝜋

4
+

𝜋

8
+

1

4
  

     𝐼 =  
1

4
 𝑙𝑜𝑔 2 −

𝜋

8
+

1

4
     ans. 

Q.5) 
𝐼 = ∫

𝑠𝑖𝑛 𝑥+𝑐𝑜𝑠 𝑥

√𝑠𝑖𝑛(2𝑥)

𝜋

3
𝜋

6

𝑑𝑥  

Sol.5) 
𝐼 =  ∫

𝑠𝑖𝑛 𝑥+𝑐𝑜𝑠 𝑥

√1−1+𝑠𝑖𝑛(2𝑥)

𝜋

3
𝜋

6

𝑑𝑥  

  =  ∫
𝑠𝑖𝑛 𝑥+𝑐𝑜𝑠 𝑥

√1−(1−𝑠𝑖𝑛 2𝑥)

𝜋

3
𝜋

6

𝑑𝑥  

  =  ∫
𝑠𝑖𝑛 𝑥+𝑐𝑜𝑠 𝑥

√1−[𝑠𝑖𝑛2𝑥+𝑐𝑜𝑠2𝑥−2 𝑠𝑖𝑛 𝑥 𝑐𝑜𝑠 𝑥]

𝜋

3
𝜋

6

𝑑𝑥  

  =  ∫
𝑠𝑖𝑛 𝑥+𝑐𝑜𝑠 𝑥

√1−(𝑠𝑖𝑛 𝑥−𝑐𝑜𝑠 𝑥)2

𝜋

3
𝜋

6

𝑑𝑥  

𝑃𝑢𝑡  𝑠𝑖𝑛 𝑥 –  𝑐𝑜𝑠 𝑥 =  𝑡               𝑤ℎ𝑒𝑛 𝑥 =  
𝜋

6
   𝑡 =  

1

2
−

√3

2
=

1−√3

2
  

        (𝑐𝑜𝑠 𝑥 +  𝑠𝑖𝑛 𝑥)𝑑𝑥 =  𝑑𝑡      𝑤ℎ𝑒𝑛 𝑥 =  
𝜋

3
   𝑡 =  

√3

2
−

1

2
=

√3−1

2
  

∴  𝐼 =  ∫
𝑑𝑡

√1−𝑡2

√3−1

2
1−√3

2

  

      =  (𝑠𝑖𝑛−1𝑡)
1−√3

2

√3−1

2   

      =  𝑠𝑖𝑛−1 (
√3−1

2
) − 𝑠𝑖𝑛−1 (

1−√3

2
)  



 

 

      =  𝑠𝑖𝑛−1 (
√3−1

2
) + 𝑠𝑖𝑛−1 (

√3−1

2
)           … … . {∵   𝑠𝑖𝑛– 1(– 𝑥)  = – 𝑠𝑖𝑛– 1 𝑥}  

   𝐼 =  2 𝑠𝑖𝑛−1 (
√3−1

2
)     𝐴𝑛𝑠 … ..   

Q.6) 
𝐼 =  ∫

𝑠𝑖𝑛 𝑥+𝑐𝑜𝑠 𝑥

9+16 𝑠𝑖𝑛 (2𝑥)

𝜋

4
0

𝑑𝑥  

Sol.6) 
𝐼 = ∫

𝑠𝑖𝑛 𝑥+𝑐𝑜𝑠 𝑥

9+16 [1−1+𝑠𝑖𝑛(2𝑥)]

𝜋

4
0

𝑑𝑥 

𝐼 =  ∫
𝑠𝑖𝑛 𝑥+𝑐𝑜𝑠 𝑥

9+16 [1−(1−𝑠𝑖𝑛 2𝑥)]

𝜋

4
0

𝑑𝑥  

𝐼 =  ∫
𝑠𝑖𝑛 𝑥+𝑐𝑜𝑠 𝑥

9+16 [1−(𝑠𝑖𝑛2 𝑥+𝑐𝑜𝑠2 𝑥−2 𝑠𝑖𝑛 𝑥 𝑐𝑜𝑠 𝑥)]

𝜋

4
0

𝑑𝑥  

𝐼 =  ∫
𝑠𝑖𝑛 𝑥+𝑐𝑜𝑠 𝑥

9+16 [1−(𝑠𝑖𝑛 𝑥−𝑐𝑜𝑠 𝑥)2]

𝜋

4
0

𝑑𝑥  

𝑃𝑢𝑡  𝑠𝑖𝑛 𝑥 –  𝑐𝑜𝑠 𝑥 =  𝑡                  𝑤ℎ𝑒𝑛 𝑥 =  0 , 𝑡 =  0 –  1 = – 1  

        (𝑐𝑜𝑠 𝑥 +  𝑠𝑖𝑛 𝑥)𝑑𝑥 =  𝑑𝑡     𝑤ℎ𝑒𝑛 𝑥 =  
𝜋

4
, 𝑡 =  

1

√2
−

1

√2
= 0  

∴   𝐼 =  ∫
𝑑𝑡

9+16(1−𝑡2)

0

−1
  

       =  ∫
1

25−16𝑡2

0

−1
𝑑𝑡  

       =  
1

16
∫

1

(
5

4
)

2
−𝑡2

0

−1
𝑑𝑡        

      =  
1

16
×

1

2×
5

4

 (𝑙𝑜𝑔 |
5

4
+𝑡

5

4
−𝑡

|)
−1

0

  

       =  
1

40
 (𝑙𝑜𝑔 |

5+4𝑡

5−4𝑡
|)

−1

0
  

       =  
1

40
[𝑙𝑜𝑔|1| − 𝑙𝑜𝑔 |

1

9
|]  

       =  
1

40
[0 + 𝑙𝑜𝑔(9)]  

𝐼 =  
1

40
𝑙𝑜𝑔 9  

𝐼 =  
1

20
𝑙𝑜𝑔 3       𝐴𝑛𝑠 … ..  

Q.7) (a) 𝐼 = ∫ 𝑒2𝑥 (
1

𝑥
−

1

2𝑥2
)

2

1
𝑑𝑥    

Sol.7) (a) 𝐼 =  ∫ 𝑒2𝑥 .
1

𝑥

2

1
𝑑𝑥 −

1

2
∫ 𝑒2𝑥  .

1

𝑥2

2

1
𝑑𝑥 

        = (
1

𝑥
.

𝑒2𝑥

2
)

1

2

+
1

2
∫ 𝑒2𝑥2

1
.

1

𝑥2 𝑑𝑥 −
1

2
∫ 𝑒2𝑥 .

1

𝑥2

2

1
𝑑𝑥 

        = (
1

2
.

𝑒4

2
) − (

1

1
.

𝑒2

2
) 

        = 
𝑒4

4
−

𝑒2

2
 

        = 
𝑒2

2
(

𝑒2

2
− 1)      Ans…..  



 

 

Q.8) 
𝐼 =  ∫

𝑐𝑜𝑠2𝑥

𝑐𝑜𝑠2𝑥+4𝑠𝑖𝑛2𝑥

𝜋

2
0

𝑑𝑥  

Sol.8) Divide 𝑁 & 𝐷 by cos4 𝑥 

𝐼 =  ∫
𝑠𝑒𝑐2𝑥

𝑠𝑒𝑐2𝑥+4𝑡𝑎𝑛2𝑥 𝑠𝑒𝑐2𝑥

𝜋

2
0

𝑑𝑥  

𝐼 = ∫
𝑠𝑒𝑐2𝑥

𝑠𝑒𝑐2𝑥(1+4 𝑡𝑎𝑛2𝑥)

𝜋

2
0

𝑑𝑥 

𝐼 =  ∫
𝑠𝑒𝑐2𝑥

(1+𝑡𝑎𝑛2𝑥)(1+4𝑡𝑎𝑛2𝑥)

𝜋

2
0

𝑑𝑥         ||

𝑝𝑢𝑡  𝑡𝑎𝑛 𝑥 = 𝑡

𝑠𝑒𝑐2 𝑥 𝑑𝑥 = 𝑑𝑡
𝑤ℎ𝑒𝑛 𝑥 = 0  ;   𝑡 = 0

  𝑤ℎ𝑒𝑛 𝑥 =
𝜋

2
  ;   𝑡 =  ∞ 

   

𝐼 =  ∫
𝑑𝑡

(1+𝑡2)(1+4𝑡2)

∞

0
𝑑𝑥  

Type: partial fraction type 4 

Let 𝑡2 =  𝑦 (temp.) 

∴  
1

(1+𝑡2)(1+4𝑡2)
=

1

(1+𝑦)(1+4𝑦)
 

let   
1

(1+𝑦)(1+4𝑦)
=

𝐴

1+𝑦
+

𝐵

1+4𝑦
 

       1 =  𝐴(1 +  4𝑦)  +  𝐵(1 +  𝑦)  

Comp.   0 =  4𝐴 +  𝐵 

               1 =  𝐴 +  𝐵 

Solving these equations 

𝐴 =  −
1

3
        &  𝐵 =  

4

3
  

∴   𝐼 =  ∫
−1

3(1+𝑡2)

∞

0
+

4

3
.

1

(1+4𝑡2)
𝑑𝑡  

       =  
−1

3
∫

1

1+𝑡2

∞

0
𝑑𝑡 +

4

3
.

1

4
∫

1
1

4
+𝑡2

∞

0
𝑑𝑡  

       =  
−1

3
∫

1

1+𝑡2

∞

0
𝑑𝑡 +

1

3
∫

1

(
1

2
)

2
+𝑡2

∞

0
𝑑𝑡  

       =  
−1

3
𝑡𝑎𝑛−1(𝑡)0

∞ +
1

3
× 2(𝑡𝑎𝑛−1(2𝑡))

0

∞
   

       =  
−1

3
(𝑡𝑎𝑛−1∞ − 𝑡𝑎𝑛−10) +

2

3
[𝑡𝑎𝑛−1(∞) − 𝑡𝑎𝑛−1(0)]  

       =  
−1

3
[

𝜋

2
] +

2

3
[

𝜋

2
− 0]  

       =  
−𝜋

6
+

𝜋

3
  

     𝐼 =  
𝜋

6
        Ans….. 

Q.9) 
∫ √

1−𝑥

1+𝑥

1

0
𝑑𝑥               

Sol.9) 
∫ √

1−𝑥

1+𝑥

1

0
𝑑𝑥  



 

 

rationalize  

     𝐼 =  ∫
1−𝑥

√1−𝑥2

1

0
𝑑𝑥  

Separate   

𝐼 =  ∫
1

√1−𝑥2

1

0
𝑑𝑥 − ∫

𝑥

√1−𝑥2

1

0
𝑑𝑥  

𝑃𝑢𝑡  1 – 𝑥2  =  𝑡             𝑤ℎ𝑒𝑛 𝑥 =  0  ;   𝑡 =  1  

         𝑥 𝑑𝑥 =  −
𝑑𝑡

2
        𝑤ℎ𝑒𝑛 𝑥 =  1  ;   𝑡 =  0  

∴  𝐼 =  ∫
1

√1−𝑥2

1

0
𝑑𝑥 +

1

2
∫

𝑑𝑡

√𝑡

0

1
  

     𝐼 =  (𝑠𝑖𝑛−1𝑥)0
1 +

1

2
(2√𝑡)

1

0
  

     𝐼 =  (
𝜋

2
− 0) +

1

2
(0 − 2) 

     𝐼 =  
𝜋

2
− 1   ans. 

Q.10) 
 𝐼 =  ∫

𝑠𝑖𝑛−1𝑥

(1−𝑥2)
3
2

1

√2

0
 

Sol.10) 
 𝐼 =  ∫

𝑠𝑖𝑛−1𝑥

(1−𝑥2)
3
2

1

√2

0
  

     𝐼 =  ∫
𝑠𝑖𝑛−1𝑥

(1−𝑥2)√1−𝑥2

1

√2

0
𝑑𝑥  

Put  𝑠𝑖𝑛−1𝑥 = t         when 𝑥 =  0  ;   𝑡 =  0 

     
1

√1−𝑥2
𝑑𝑥 = 𝑑𝑡     when 𝑥 =  

1

√2
 ;  𝑡 =  

𝜋

4
 

𝐼 = ∫
𝑡

(1−𝑥2)

𝜋

4
0

𝑑𝑡 

  = ∫
𝑡

(1−𝑠𝑖𝑛2𝑡)

𝜋

4
0

𝑑𝑡                         … … {∵  𝑥 =  𝑠𝑖𝑛 𝑡}  

  =  ∫ 𝑠𝑒𝑐2 𝑡 . 𝑡
𝜋

4
0

 𝑑𝑡 

  =  (𝑡 𝑡𝑎𝑛 )0

𝜋

4 − ∫ 1 . 𝑡𝑎𝑛 𝑡
𝜋

4
0

 𝑑𝑡 

  =  (
𝜋

4
. 𝑡𝑎𝑛

𝜋

4
− 0) − (log|sec 𝑡 | )0

𝜋

4  

  =  
𝜋

4
− [𝑙𝑜𝑔(√2) − 𝑙𝑜𝑔(1)]                              ……..{∵   𝑠𝑒𝑐

𝜋

4
=  √2𝑠𝑒𝑐 𝜃 = 1} 

  =  
𝜋

4
− [

1

2
log 2] 

𝐼 =  
𝜋

4
−

1

2
log 2     Ans… 

 




